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The cavity haloscope has been employed to detect microwave photons resonantly converted from
invisible cosmic axions under a strong magnetic field. In this scheme, the axion-photon conver-
sion power has been formulated to be valid for certain conditions, either Qcavity ≪ Qaxion or
Qcavity ≫ Qaxion. This remedy, however, fails when these two quantities are comparable to each
other. Furthermore, the noise power flow has been treated independently of the impedance mis-
match of the system, which could give rise to misleading estimates of the experimental sensitivity.
We revisit the analytical approaches to derive a general description of the signal and noise power.
We also optimize the coupling strength of a receiver to yield the maximal sensitivity for axion search
experiments.
PACS numbers: 14.80.Va, 95.35.+d, 07.57.Kp, 84.37.+q
I. INTRODUCTION
The axion is the consequent product of the sponta-
neous breaking of the Peccei-Quinn global symmetry, and
has been proposed as a dynamic solution to the CP prob-
lem in the strong interactions of particle physics [1]. With
some constraints on mass, the hypothetical particle pos-
sesses a cosomological implication which can account for
dark matter in our galactic halo [2]. A large fraction
of the mass range is accessible using the haloscope tech-
nique where the axion field is resonantly converted into a
microwave field in the presence of an external magnetic
field [3]. This detection scheme provides one of the most
sensitive approaches to the well established theoretical
models [4, 5].
The conversion power formula, which is broadly used
by haloscope experiments, is given by [6]
Pa→γγ = g
2
aγγ
ρa
ma
B20V Cmin(Qc, Qa), (1)
where gaγγ is the axion-to-photon coupling, ρa is the lo-
cal halo axion density, ma is the axion mass, B0 is the
external magnetic field, V is the cavity volume, C is the
form factor of the resonant mode under consideration,
and Qc and Qa are the cavity and axion quality factors,
respectively. As a measure of experimental sensitivity,
the signal-to-noise ratio (SNR) is conventionally adopted:
SNR ≡ Psignal
δPnoise
, (2)
with δPnoise denoting the noise of the system. The system
noise is described by the Dicke radiometer equation as
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fluctuations in the noise power of the system within an
integration time ∆t over a frequency bandwidth ∆ν [7]:
δPnoise(≡ δPsys) = Psys√
∆t∆ν
= kBTsys
√
∆ν
∆t
, (3)
where the Johnson-Nyquist formula, Psys = kBTsys∆ν, is
used with the Boltzmann constant kB and the equivalent
system noise temperature Tsys [8]. Since the axion mass
is a priori unknown, all possible mass ranges need to
be explored. In this regard, the figure of merit to be
considered in an experimental system lies in how fast
one can scan a mass region for a given sensitivity. Using
Eqs. 1 and 3, Eq. 2 leads to the scanning rate in the form
of
df
dt
= g4aγγ
ρ2a
m2a
1
SNR2
B40V
2C2
k2BT
2
sys
β2
(1 + β)2
Qamin(Ql, Qa),
(4)
where β is the coupling strength of a receiver and Ql ≡
Qc/(1 + β) is the loaded cavity quality factor. This for-
mula gives rise to the optimal coupling strength β = 2,
which is typically chosen by many experiments to maxi-
mize sensitivity.
Current experiments [9][10][11][12] have presumed so
far that the last parameter in Eqs. 1 and 4 always equals
to Qc and Ql since the typical cavity quality factors of
Qc ≈ 104 ∼ 105 are much smaller than the axion qual-
ity factor of Qa ≈ 106 [13]. However, the recent de-
velopments in superconducting (SC) technology and its
applications to radio-frequency science are likely to dra-
matically increase the quality factor of resonant cavities
even under strong magnetic fields [14]. Furthermore, the
system noise power in Eq. 3 has been assumed to be
transmitted intact to the receiver regardless of impedance
mismatch. It is of importance to address that the noise
power transmission is also subject to the receiver cou-
pling in a similar manner to the signal power. Here,
2we revisit the axion electrodynamics to derive a generic
expression of the signal power, and consider a circuit
diagram of an axion haloscope to reformulate the sys-
tem noise. We also obtain the general form of the scan-
ning rate and examine its dependency on the coupling
strength to maximize experimental sensitivity.
II. AXION ELECTRODYNAMICS
In the presence of a coherently oscillating axion field
a(t), the Maxwell’s equations in natural units are modi-
fied to [15]
∇ · (E − gaγγaB) = ρe,
∇ ·B = 0,
∇×E = −∂B
∂t
,
∇× (B + gaγγaE) = ∂
∂t
(E − gaγγaB) + Je.
The axion field is represented in the frequency domain
by the Fourier transform as
a(t) =
√
T
∫ +∞
−∞
dω
2pi
A(ω, ωa)e−iωt,
where T is the time period over which the average is taken
and ωa is the axion angular frequency. In the haloscope
detection scheme, the axion field interacts with a static
magnetic field, inducing an oscillating electromagnetic
field that excites a mode of a microwave resonant cavity.
The axion-induced electric field has a general solution in
the form of
Ea(r, ω) = gaγγA(ω, ωa)B0 [1 + F(ω, ωc)T (rω)]
≈ gaγγA(ω, ωa)B0F(ω, ωc)T (rω),
where F is the enhancement factor, typically F ≫ 1, de-
fined by the cavity resonant frequency ωc and the cavity
quality factor Qc as
F(ω, ωc) = 1
(ω − ωc) + iωc/2Qc .
The function T , determined by the cavity geometry, sat-
isfies ∇2T (rω) = ω2T (rω) and is related to the form
factor as ∫
V
T 2(rω)d3r = CV/ω.
III. AXION SIGNAL POWER
The velocity distribution of the virialized dark mat-
ter axions in the galactic halo is assumed to have the
Maxwell-Boltzmann structure, and thus the energy dis-
tribution of axion-induced photons in the Galaxy rest
frame is represented by the Gamma distribution with a
shape parameter of 3/2 and a scale parameter associated
with the velocity dispersion. This distribution is then
modified (boosted) by the circular motion of the solar
system with respect to the Galaxy center and the orbital
motion of the Earth around the Sun to yield the signal
distribution that can be observed in the laboratory frame
on Earth [13]. To a good approximation (see Appendix),
the mean-square energy around the peak is described by
the Cauchy function as [16]
〈
a2(t)
〉
=
∫ +∞
−∞
dω
2pi
|A(ω, ωa)|2
=
∫ +∞
−∞
dω
2pi

4ρaQa
ωam2a
1
1 +
(
ω−ωa
ωa/2Qa
)2

 .
Then the axion conversion power P is written as
P =
ωcU
Qc
=
ωc
Qc
(∫
d3r
〈
E
2
a +B
2
a
2
〉)
=
ωc
Qc
g2aγγB
2
0Q
2
cCV
∫ ∞
−∞
dω
2pi
|F(ω, ωc)|2|A(ω, ωa)|2,
where
〈
E
2
a
+B2
a
2
〉
=
〈
E2a
〉
=
〈
B2a
〉
holds on resonance [17].
As a result, the power is proportional to the product of
two Cauchy functions
P ∝
∫ ∞
−∞
dω
2pi

 1
1 +
(
ω−ωc
ωc/2Qc
)2



 1
1 +
(
ω−ωa
ωa/2Qa
)2

 .
(5)
In the complex plane Eq. 5 has four poles at
ω = ωc ± i
2Qc
ωc and ω = ωa ± i
2Qa
ωa,
and the power is maximized when the peaks of the two
functions coincide, i.e., when a resonance occurs at ωc =
ωa = ω0. This condition is represented by two poles
in the upper half-plane, as shown in Fig. 1, with the
upper and lower poles corresponding to min(Qc,Qa) and
max(Qc,Qa) respectively.
Re
Im
FIG. 1. Contour integrals in the complex plane. Two poles at
resonance (ωc = ωa) are represented by the black dots. The
total integral (blue) is the sum of the sub-integrals represented
by orange and green contours.
Then the integral can be decomposed into two sub in-
tegrals, as shown in Fig 1, whose summation yields
I =
ω0/4
max(Qc, Qa) + min(Qc, Qa)
=
ω0/4
Qc +Qa
.
3From this, the general expression of the axion conversion
power is obtained for arbitrary Qc as
Pa→γγ = g
2
aγγ
ρa
m2a
B20V ω0C
QcQa
Qc +Qa
, (6)
where we use ma = ωa. Eq. 6 can be interpreted to mean
that the conversion power is enhanced by the reduced
quality factor of the system Qµ:
1
Qµ
=
1
Qc
+
1
Qa
.
For extreme cases, Qc ≪ Qa or Qc ≫ Qa, Eq. 1 is recov-
ered. Figure 2 compares the conversion power estimated
by the original (Eq. 1) and revised (Eq. 6) equations as
a function of the cavity quality factor. It can be seen
that the former contains a kink at Qc = Qa, while the
latter exhibits smooth behavior. It is also noticed that
the original version overestimates the conversion power,
particularly when the two quality factors are comparable.
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FIG. 2. Normalized conversion power as a function of Qc rela-
tive to Qa. The original (Eq. 1) and revised (Eq. 6) conversion
powers are represented by blue and orange lines, respectively.
They converge to each other at Qc/Qa → 0 or ∞.
Experimentally, the axion power generated in the cav-
ity is extracted via an externally coupled receiver, e.g., a
coaxial antenna. Thus the detected signal power depends
on the coupling strength of the receiver to the cavity and
is given by
Psignal =
β
1 + β
g2aγγ
ρa
ma
B20V C
QlQa
Ql +Qa
. (7)
The resonant enhancement factor, QlQa/(Ql+Qa), cor-
responds to the total quality factor of the system includ-
ing the receiver
1
Qµ
=
1
Qc
+
1
Qa
+
1
Qr
,
where Qr(= Qc/β) is the effective quality factor of the
receiver.
IV. NOISE POWER
There are two major noise sources in axion halo-
scope experiments: 1) Johnson-Nyquist thermal noise at-
tributed to the blackbody radiation by the physical tem-
perature of the cavity; and 2) noise added by the RF
readout chain with its dominant contribution from the
first stage amplifier. Both noise components are dictated
by the Dicke radiometer equation, in the same manner
as Eq. 3, as
δPi = kBTi
√
∆νa
∆t
, (8)
with Ti denoting the equivalent temperature to either
the thermal (physical) or added noise. These two noise
temperatures linearly contribute to the total system noise
temperature, such that Tsys = Tphy + Tadd.
When estimating noise, it has been assumed so far that
the thermal noise generated in the cavity is propagated
to the receiver in its entirety without being subject to
impedance mismatch between the two RF systems. This
may be because receiver chains are typically designed
such that a circulator with one port terminated by a
matched load at the end, which is equivalently an iso-
lator, is placed between the cavity and the preamplifier.
The matched load appears to the amplifier regardless of
the cavity-receiver coupling [18] and thus the loaded noise
power on the amplifier is always the same as the gener-
ated one, Pphy = kBTphy∆ν. However, here we count the
impedance mismatch in, to derive a general description of
noise propagation. In addition, with advanced cryogenic
technologies, very low temperatures are achievable and
thus quantum effects must be taken into account. Ac-
cording to Ref. [8], the noise fluctuation at temperature
Tphy for a given impedance Z(ω) of a system is
V 2rms = 4kBTphyη(ω)Re [Z(ω)] ,
where Vrms is the rms noise voltage generated in the cav-
ity and the function η(ω) is in general given by
η(ω) =
~ω
kBTphy
(
1
e~ω/kBTphy − 1 +
1
2
)
. (9)
The first term in the parenthesis in Eq. 9 is the aver-
age thermal photon number at frequency ω at tempera-
ture Tphy, while the second term accounts for zero-point
fluctuations, which becomes important in the quantum
regime. We define the effective physical temperature
Teff ≡ Tphyη(ω), (10)
so that it reflects the quantum limit near absolute zero,
as shown in Fig. 3.
A typical axion haloscope consists of a resonant cav-
ity connected to a detector chain via a receiver antenna.
This configuration can be treated as an equivalent RF
circuit composed of a generator (cavity) and a load (de-
tector) coupled by a transmission line (receiver) with re-
spective impedances of Zg, Zl and Z0, as shown in Fig. 4.
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FIG. 3. Effective temperature, defined in Eq. 10 vs. physical
temperature for different frequencies: 1, 5 and 10GHz. The
dashed black line represents the classical approach.
The average output power flow from the cavity to the de-
tector is given by [19]
Pout(ω) = kBTeff∆νd
4Re [Zl(ω)] Re [Zout(ω)]
|Zl(ω) + Zout(ω)|2
, (11)
where ∆νd is the detector bandwidth and Zout is the
output impedance seen by the detector. For practical
purposes, the transmission line is assumed to be lossless,
so its characteristic impedance Z0 is generally considered
to be real. And also the detector chain is designed to
match the transmission line impedance such that Zl(ω) ≈
Z0, by which Eq. 11 becomes
Pout(ω) ≈ kBTeff∆νd 4Z0Re [Zout(ω)]|Z0 + Zout(ω)|2
. (12)
For a transmission line with a length l and propagation
constant γ, the output impedance Zout is given by the
transmission line impedance equation as
Zout(ω) = Z0
Zg(ω) + Z0 tanh γl
Z0 + Zg(ω) tanh γl
. (13)
Near the resonance region, ω ≈ ω0, Zg(ω) is approxi-
mated to
Zg(ω) ≈ Zg(ω0)
[
1 + i
(
ω − ω0
ω0/2Ql
)]
=
Z0
β
[
1 +
i
1 + β
(
ω − ω0
ω0/2Qc
)]
.
(14)
FIG. 4. Equivalent circuit diagram of a haloscope axion ex-
periment. Vg is the voltage at the generator (cavity). Zg and
Zl are the impedances of the generator (loaded) and the load
(detector). The transmission line (receiver) has the charac-
teristic impedance Z0. Zout denotes the equivalent output
impedance seen by the load.
For a lossless transmission line, the propagation constant
becomes purely imaginary, i.e., γ = ik, where k is the
wavenumber, and with Eq. 14, Eq. 13 becomes
Zout(ω) = Z0
1 + iβ tan kl
β + i tankl
,
= Z0
2β + i(β2 − 1) sin 2kl
(β2 + 1) + (β2 − 1) cos 2kl .
(15)
By plugging Eq. 15 into Eq. 12, we compute the output
power flow to the detector, i.e., the detected noise power,
as
Pout(ω) = kBTeff∆νd
4β
(1 + β)2
, (16)
which manifests its dependence on the coupling strength
β. Finally, the level of noise power fluctuations is deter-
mined by the radiometer equation to be
δPphy = kBTeff
4β
(1 + β)2
√
∆νa
∆t
,
where we admire the fact that the SNR is maximal when
the detector bandwidth equals the signal bandwidth [20].
It is noted that with β = 1 and η(ω) = 1, Eq. 8 is
recovered.
The added noise contribution from the receiver chain,
on the other hand, is independent of β and thus is simply
given by
δPadd = kBTadd
√
∆νa
∆t
,
with an equivalent noise temperature Tadd. This noise is
linearly added to the thermal noise to obtain the total
system noise
δPnoise = δPphy + δPadd
= kB
(
Teff
4β
(1 + β)2
+ Tadd
)√
∆νa
∆t
,
(17)
where the sum of the two terms in the parenthesis is
quoted as the system noise temperature.
An experimental demonstration was performed to ver-
ify the β dependence of noise power transfer, as in Eq. 16,
using a cylindrical copper cavity. The cavity dimen-
sion provides a TM010 resonant frequency of 5.9GHz
and a cavity quality factor of 15,000 at room tempera-
ture. The TM010 mode is mostly chosen by experiments
since it yields the maximum form factor for solenoids. A
monopole antenna is introduced on top of the cavity to
pick up the power generated by the cavity thermal noise
at room temperature. The received noise power is am-
plified by a high-electron-mobility transistor before be-
ing delivered to a spectrum analyzer via a coaxial cable.
Based on the Y-factor method using a noise source with
an excess-noise-ratio (ENR) of 15 dB, the total gain and
noise temperature of the detector chain were measured
5to be 36.7 ± 0.3 dB and 75.2 ± 3.1K, respectively. The
power spectra from the cavity were acquired for various
values of the coupling β, as measured by a network ana-
lyzer. Different values of β were obtained by varying the
insertion length of the antenna into the cavity. We also
considered additional RF components, such as an isola-
tor and a directional coupler, between the antenna and
amplifier to examine their effects. The resolution band-
width of 10 kHz was chosen because it was small enough,
compared with the cavity width, to resolve signals, while
also being large enough to achieve a reasonably fast ac-
quisition time.
Figure 5 displays the noise power at the resonant
frequency with various couplings for the different com-
ponents. The data points are fitted using a function
of β with the same form as in Eq. 17, i.e., f(β) =
A · β/(1 + β)2 + B, where A and B are the fitting pa-
rameters associated with Teff and Tadd, respectively. R-
squared was chosen as a statistical measure of the good-
ness of fit. It is noticed that the fitting function describes
the data reasonably well and small deviations from unity
of the R-squared values imply the validity of the fit. The
estimated noise power distribution, assuming a total gain
of 36.7 dB and noise temperature of 75.2K at room tem-
perature, is seen to be consistent with the measurement
with no component. The noise factor of the RF devices
(here the amplifier) is known to have a dependence on the
source impedance mismatch [21], and its effect is also
taken into consideration by comparing the noise power
with the input port terminated with open, short, and
matched loads. The error band accounts for both the sta-
tistical uncertainties in the gain (0.3 dB) and noise tem-
perature (3.1K), and the systematic uncertainties from
the inaccuracy of the ENR value (0.2 dB) and the noise
factor dependence on source impedance (< 4.6K).
Insertion of the isolator makes the power transfer in-
dependent of the coupling strength, which confirms the
aforementioned feature of isolators as matched loads.
The flat distribution is also statistically represented by
a small R-squared value. For the directional coupler, we
find that the departure from the theoretical estimation
particularly in the tail is attributed to the insertion loss of
0.2 dB, which is consistent with the value obtained from
the fit by taking a purely real propagation constant γ into
account in parameter B. The maximum power appears
when the impedance is matched (β = 1) regardless of the
type of added component and the corresponding values
are comparable with each other. Since an isolator brings
higher noise to the detector at any coupling, it would be
desirable to consider an alternative design for the detec-
tor chain in order to improve the SNR particularly for
systems which require impedance mismatches.
V. EXPERIMENTAL SCANNING RATE
The sensitivity of axion search experiments is deter-
mined by the SNR defined in Eq. 2. For convenience
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FIG. 5. Distributions of noise power at the resonant fre-
quency of a cylindrical copper cavity as a function of coupling
strength β. A few RF components are considered between the
cavity and the preamplifier - an isolator, directional coupler,
and no component. The data points, with statistical error
bars, are fitted with a function f(β) = A · β/(1 + β)2 + B,
which returns R-squared values of 0.025, 0.922, and 0.967, re-
spectively. The black dashed line is the expected power spec-
trum from the thermal noise at room temperature through
a detector chain with a total gain of 36.7 dB and noise tem-
perature of 75.2K. The gray band represents the uncertainty
described in the text.
sake, we reformulate the signal power (Eq. 7) and sys-
tem noise (Eq. 17) as
Psignal = P0
β
1 + β
QlQa
Ql +Qa
and
δPnoise = kBTeff
(
4β
(1 + β)2
+ λ
)√
∆νa
∆t
,
(18)
with, respectively, P0 ≡ g2aγγ(ρa/ma)B20V C and λ ≡
Tadd/Teff , the relative contribution of the added noise
with respect to the thermal noise of the system. By
putting Eq. 18 into Eq. 2, the general form of the scan-
ning rate is derived as
df
dt
=
1
SNR2
(
P0
kBTeff
)2( β
(1+β)
4β
(1+β)2 + λ
)2
QlQ
2
a
Ql +Qa
. (19)
For a fixed Qa, the coupling β can be optimized to
maximize the detection rate for a given cavity quality
factor Qc and noise contribution ratio λ. The general
solution for the optimal coupling, βopt, is obtained by
requiring ddβ
(
df
dt
)
= 0, which arrives at
−λβ4 − (λ− 4)β3 + (8Q˜+ 2λQ˜+ λ− 4)β2
+ (4λQ˜+ λ)β + 2λQ˜ = 0,
(20)
where we use Q˜ ≡ Qc/Qa + 1 for simplicity. Four non-
trivial solutions exist which satisfy Eq. 20, but in physi-
cally meaningful conditions of λ ≥ 0 and Q˜ ≥ 1, there is
only one real positive solution. If the added noise is the
dominant contribution to the total noise, i.e., λ≫ 1, the
6optimal β for a given Qc is obtained to be
βopt =
1
2
(
1 +
√
9 + 8Qc/Qa
)
.
It is noted that for Qc ≪ Qa, the scanning rate and the
optimal coupling become respectively
df
dt
∝ β
2
(1 + β)2
QaQl and βopt = 2,
which restores the descriptions in Eq. 4.
In particular, we consider various scenarios of experi-
mental design with practically interesting parameter val-
ues for Qc and λ: Qc/Qa = 10
−2 − 102, reflecting
the present situation and potential application of the
SC cavity technology, and λ = [10, 1, 0.1], represent-
ing transistor-based amplification, standard quantum-
limited noise, and quantum noise in squeezed states, re-
spectively. A recently proposed experiment [22] could
also belong to the third category (λ = 0.1). Tables I and
II list the optimal coupling strength and the correspond-
ing scanning rate (normalized) for possible combinations
of these scenarios.
TABLE I. Optimized coupling strength, βopt, obtained from
Eq. 20, for various cavity quality factors and relative noise
contributions.
Qc/Qa
λ
10 1 0.1
10−2 2.2 4.7 40.1
10−1 2.3 4.9 40.3
100 2.9 6.1 42.0
101 6.0 12.1 54.8
102 17.2 33.5 112.4
TABLE II. Maximum scanning rate computed by Eq. 19 using
βopt in Table I. The values are normalized to that forQc/Qa =
10−2 and λ = 1, which represent the currently achievable
experimental parameters.
Qc/Qa
λ
10 1 0.1
10−2 < 0.1 1 12
10−1 0.3 10 127
100 2.0 87 1245
101 8.2 470 10565
102 15.2 1185 52898
The revised description on scanning rate (Eq. 19) is
compared with the original counterpart (Eq. 4) in Fig. 6
in terms of its dependency upon Qc and λ. For the orig-
inal version, we use η(ω) = 1 and βopt = 2 to restore
the classical approaches. It it seen that 1) the expected
detection rate gradually grows with increasing Qc in the
high Qc region rather than being flattened out, and 2)
there is a stronger dependence on λ indicating substan-
tial improvements are conceivable with less added noise
contribution. For current experiments operating with
λ = 0.1
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FIG. 6. Comparison of the scanning rate between the orig-
inal (Eq. 4) and revised (Eq. 19) calculations as a function
of normalized cavity quality factor, Qc/Qa, for three differ-
ent values of λ, the relative noise contribution. The former
and the latter estimations are represented by dashed and solid
lines, respectively.
Qc/Qa ∼ 10−2 and λ ∼ 1, the sensitivity could have
been slightly underestimated. However, it is inferred that
future experiments will take more advantage of further
developments in superconducting RF cavities and quan-
tum technology for higher sensitivities.
VI. CONCLUSION
For haloscope axion search experiments, sensitivity has
been estimated based on limited assumptions, such as
Qc ≪ Qa and noise power transfer free from impedance
mismatch. In this study, we extend those assumptions,
by reflecting potential improvements in the cavity quality
factor and taking into account the impedance mismatch
in noise flow, to derive more comprehensive expressions
for both signal and noise power. We find the detection
rate is sensitive to the receiver coupling strength, which
was optimized for various scenarios of the experimental
parameters. A comparison with the original calculation
indicates that further development of superconducting
RF science and quantum technology would be more ben-
eficial than we expected. This revision would have non-
trivial impacts on not only the sensitivity calculation of
present experiments but also the conceptual design of fu-
ture experiments.
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Appendix: Validity of the Cauchy approximation
The energy spectrum of halo axions in the galactic rest
frame is thermodynamically modeled by a Gamma distri-
7bution with a shape parameter of 3/2 and a scale parame-
ter associated with the energy dispersion. The spectrum,
however, appears boosted by an observer on Earth owing
to the Sun’s circular motion as described in Ref. [13] and
the analytical form is rephrased as
a˜(u) =
√
3
2pi
1
r
exp
[
−3
2
(
r2 + u
)]
sinh
[
3r
√
u
]
, (A.1)
where u is the axion kinetic energy in the unit of
mav
2
rms/2 with its mass ma and rms velocity vrms ≈
270km/s, and r = v⊙/vrms ≈ 0.85 is the boosting ra-
tio with v⊙ being the circular velocity of the Sun. Ig-
noring the orbital and rotational motions of the Earth
and using the average (Ea = mav¯
2
a/2) and dispersion
(∆Ea = mav¯
2
dis/2) of the kinetic energy, the boosted
distribution function returns the average axion quality
factor of 1.0× 106.
For haloscopes, the axion conversion power is propor-
tional to the inner product of the axion distribution func-
tion and the cavity transfer function, which is represented
by the Cauchy distribution. An approximation of the ax-
ion energy spectrum to the Cauchy distribution,
CQaωa (ω) =
4Qa
ωa
1
1 + 4Q2a(ω/ωa − 1)2
(A.2)
with the axion frequency ωa and quality factor Qa, en-
ables analytical calculations of the product not only near
resonance but also over the entire spectrum. Figure 7(a)
compares the exact axion distribution from Eq. A.1 with
the Cauchy approximation following Eq. A.2. The area
below each distribution is normalized to unity to have an
equal amount of integrated power over the spectrum, and
the peaks are aligned with the same height to have equal
power on resonance. These requirements determine the
width of the Cauchy distribution, which defines a new
quality factor that can be interpreted as the effective ax-
ion quality factor to be observed by a cavity haloscope.
The following integrals represent the conversion power
in the exact and approximated approaches for the axion
distribution:∫ ∞
−∞
a˜(ω)CQcωa (ω)
dω
2pi
vs.
∫ ∞
−∞
CQaωa (ω)C
Qc
ωa (ω)
dω
2pi
. (A.3)
The numerical calculations were performed and their ra-
tio as a function of Qc/Qa is shown in Fig. 7(b). The
Cauchy approximation underestimates the axion power
by up to 8% where Qc is comparable with Qa, while it
converges to the exact description at both extrema. The
effective axion frequency and quality factor observed by
the haloscope are given, respectively, by
ωa = ma
[
1 + 0.77× 1
2
(vrms
c
)2]
≈ ma and
Qa =
ωa
2/(pia˜(ωa))
≈ 1.6× 106.
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FIG. 7. (a) Comparison of the axion energy distributions
between the exact description from Eq. A.1 and its Cauchy
approximation in Eq. A.2 in terms of the axion kinetic en-
ergy u. The area below each distribution is normalized to
unity and the peaks are matched. (b) Ratio between the two
integrals in Eq. A.3 as a function of Qc/Qa.
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